NEW MONOTONICITY FORMULAS FOR RICCI CURVATURE AND 

APPLICATIONS; I 



Abstract. We prove three new monotonicity formulas for manifolds with a lower Ricci 
curvature bound and show that they are connected to rate of convergence to tangent cones. 
In fact, we show that the derivative of each of these three monotone quantities is bounded 
from below in terms of the Gromov-Hausdorff distance to the nearest cone. The mono- 
tonicity formulas are related to the classical Bishop-Gromov volume comparison theorem 
and Perelman's celebrated monotonicity formula for the Ricci flow. Wc will explain the 
connection between all of these. 

Moreover, we show that these new monotonicity formulas are linked to a new sharp 
gradient estimate for the Green's function that we prove. This is parallel to that Perelman's 
monotonicity is closely related to the sharp gradient estimate for the heat kernel of Li-Yau. 

In |CM4j we will use the monotonicity formulas we prove here to show uniqueness of 
certain tangent cones of Einstein manifolds and in jCM3j we will prove a number of related 
monotonicity formulas. 

Finally, there are obvious parallels between our monotonicity and the positive mass the- 
orem of Schoen-Yau and Witten. 



The results we will give holds for manifolds with any given lower bound for the Ricci 
curvature and are new and of interest both for small and large balls. They are effective 
in the sense that the estimates we give do not depend on the particular manifold but only 
on some quantitative behavior like dimension and lower bound for Ricci curvature. This 
allows us to pass these properties through to possible singular limits. For simplicity we will 
concentrate our discussion on manifolds with nonnegative Ricci curvature and large balls 
though our results holds with obvious changes for small balls and any other fixed lower 
bound for the Ricci curvature. Moreover, our results are local and holds even for balls in 
manifolds as long as the Ricci curvature is bounded from below on those balls. 

A key property of Ricci curvature is monotonicity of ratio of volumes of balls. For n- 
dimensional manifolds with nonnegative Ricci curvature Bishop- Gromov's volume compari- 
son theorem, [GLPj . [G] , asserts that the relative volume 



is monotone nonincreasing in the radius r for any fixed x G M. As r tend to this quantity 
on a smooth manifold converges to the volume of the unit ball in R*^ denoted by Vol(i?i(0)) 
and as r tends to infinity it converges to a nonnegative number Vm- If Vm > 0, then we say 
that M has Euclidean volume growth. An application of monotonicity of relative volume 
is Gromov's compactness theorem, [GLPj . [G] . When M has nonnegative Ricci curvature 
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1. Introduction 
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r-"Vol(5,(x)) ; 
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this compactness implies that any sequence of rescahng {M,r^^g), where — )■ oo has a 
subsequence that converges in the Gromov-Hausdorff topology to a length space. Any such 
limit is said to be a tangent cone at infinity of M. 

A geometric property of Ricci curvature that will play a key role in the discussion below, 
both as a motivation and in some of the applications, comes from |ChCl] . It say that if M 
has nonnegative Ricci curvature and Vol(r) is almost constant between say tq and 2ro, then 
the annulus is Gromov-Hausdorff close to a corresponding annulus in a cone. In particular, 
if M has Euclidean volume growth, then any tangent cone at infinity of M is a metric con^. 
In general our open manifolds of nonnegative Ricci curvature will be assumed to have faster 
than quadratic volume growth or more precisely be nonparabolic. 

A complete manifold is said to be nonparabolic if it admits a positive Green's function. 
Otherwise, it is said to be parabolic. By a result of Varopoulos, jV], an open manifold with 
nonnegative Ricci curvature is nonparabolic if and only if 



(1-2) / V i^R ^ dr<oo. 

When M is nonparabolic, then we let G be the minimal positive Green's function. Combining 
the result of Varopoulos mentioned above with work of Li-Yau, |LYj . gives that if M has 
nonnegative Ricci curvature and is nonparabolic, then for x G M fixed G = G{x, ■) — )■ at 
infinity. In other words, the function 

(1.3) b = G^ 

is well defined and proper; cf. [CMl] . [CM2] . 

To put our results in perspective we will briefiy recall some of the most relevant mono- 
tonicity formulas for the current discussion. 

The Bishop-Gromov volume comparison theorem, [GLP] , [G] , was described above. It 
asserts that the ratio of volume of a ball in a manifold with nonnegative Ricci curvature 
centered at a fixed point to the volume of a Euclidean ball the same radius is monotone 
nonincreasing in the radius. This parallels the monotonicity for minimal surfaces where the 
same quantity is monotone; however for minimal surfaces the ratio is monotone nondecreas- 
ing. Moreover, for minimal surfaces balls are intersections of extrinsic balls with the surface 
as opposed to intrinsic balls in the Bishop-Gromov. Either of these monotonicity formulas 
follows from integrating the Laplacian of the distance squared to a point. In one case it is 
the extrinsic distance; in the other the intrinsic distance. In fact, in all of the monotonicity 
formulas that we discuss below monotonicity will come from integrating the Laplacian of 
appropriately chosen functions. 

For mean curvature fiow an important monotone quantity was found by Huisken, jH] . 
Huisken integrated a backward extrinsic heat kernel over the evolving hypersurface and 
showed that under the mean curvature fiow this quantity is monotone nonincreasing. This 
is a parabolic monotonicity where the backward heat kernel is integrated over the entire 
evolving hypersurfaces and thus the quantity is global. 

For Ricci fiow Perelman found two new quantities, the J-" and W functional, and proved 
that W is monotone, IPll. Even for static solutions to the Ricci fiow, that is, for Ricci fiat 



"'^Without the assumption of Euclidean volume growth tangent cones need not be metric cones by [ChC2| 
and need not even be polar spaces by |M2| . 
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manifolds, the T and W functionals are interesting and the monotonicity of W is nontrivial. 
In fact, if one omit the scalar curvature term in the W-functional, then it is even monotone 
for manifolds with nonnegative Ricci curvature as was pointed out by Lei Ni, jNT]-jN3]. 
Moreover, as was known already to Perelman, the monotonicity of W is related to both a 
sharp log Sobolev inequality and a sharp gradient estimate for the heat kernel H . Because 
of this it is instructive to first recall the sharp gradient estimate of Li-Yau, |LYj . This asserts 
that on a manifold with nonnegative Ricci curvature 

(1.4) 'i:-H^-li)--2=-'^'°^"--2^'- 

Integrating this over the manifold against the heat kernel as a weight gives the J-'-functional 
for Ricci flat manifolds and what we call the F-function on a fixed manifold with nonnegative 
Ricci curvature, see Lei Ni, |N1] - |N3] . 

i^W=t£(^-§) H<No\-'^ = -t I^A\ogHHdVo\-^ 



[1.5) =t \V\ogH\'^ HdVo\- - <0 

Jm 2 



Here the last equality comes from integration by parts. Note that the F-function is a function 
of two variables: t and the 'center' x though usually x is fixed in which case we think of it 
as a function only of t. The dependence of x comes from the heat kernel H = H{x, ■, t). It 
is not hard to see that j is the derivative of the Shannon typ^ entropjj^ 

f Tt 71 

(1.6) S{t) = - log HH dVol - - log(47r t) - - . 

Jm 2 2 

Perelman went on and defined 

(1.7) W = F + S 
and showed that 

(1.8) Wi 

is monotone nonincreasing; cf. Lei Ni, [Nl] - |N3j and Section [5] where we discuss these 
quantities in greater detail. 

Our three new monotonicity theorems, see Section [2] for the precise statements, comes from 

a new sharp gradient estimate for the Green's function G on manifolds with nonnegative Ricci 

1 

curvature. This new sharp gradient estimate asserts that b = G^-" satisfies 

(1.9) |V6p-l = ^-l<0; 

see Theorem 13.11 Moreover, if at one point in M \ {x} we have equality in this inequality, 
then the manifold is flat Euclidean space. In addition, we also show a sharp asymptotic 
gradient estimate of b for r — )■ oo; see Theorem 13.261 Integrating fll.9p over the level sets of b 



'^S is also sometimes referred to as the Nash entropy; see, for instance [N1| - |N3) . 

■^We use a slightly different normalization in both F and S than the standard one; however this normal- 
ization does not affect W. Our normalization is chosen so that on Euclidean space both F and S vanishes. 
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against the weight | V6| gives our basic new quantity A that in our (eUiptic) monotonicity 
formulas plays the role of Perelman's F-function. Namely, set 

(1.10) A(r) = r^""/" (|V6p- 1) |V6| =ri-" /" |V6|^ - Vol(c)Si(0)) 

J b=r J b=r 



b=r J b=r 



= r^-" / |V6r - Vol(a5i(0)) = -— / Ab' |V6| - Vol(<9Si(0)) < ; 

Jb=r 2n Jfj^j. 

where -Bi(O) C R'^ is the unit ball. NOTE that in the main body of this paper A and V 
DIFFERS from the ones defined here in the introduction by the constants Vo\{dBi{0)) and 
Vol(i?i(0)) respectively, as in the later sections we have NOT subtracted their Euclidean 
values. All of our monotonicity formulas involves A. In particular, we show that 

(1.11) A I andV I 

are monotone nonincreasing (see Corollary 12. 102( and also Theorem 13. 161 for a related state- 
ment), where 



;i.l2) y(r)=r-"/" |V6|^- Vol(Si(0)). 

Jb<r 



The monotonicity of V is parallel to the Bishop- Gromov volume comparison theorem as 
stated in f ll.ip . The standard proof of the Bishop-Gromov volume comparison (using the 
Laplacian comparison theorem applied to the distance to a fixed point) go over first showing 
that the ratio 

(1.13) r^-"Vol(aS,(x)) ; 

is monotone nonincreasing and then use this to show (11. ip . The monotonicity of A is the 
parallel of f ll.l3p . Note that it follows easily from the coarea formula, see Lemma I2.17[ 
that rV = A — nV; thus the monotonicity of V implies that A < nV. Therefore an 
interesting (and natural) question would for instance be wether or not the gap between A 
and n V widens. The monotonicity of both A and V are byproducts of our main monotonicity 
theorems. The first of our three main monotonicity formulas, see Theorem 12. 24^ show that 

(1.14) 2{n-l)V-Ai 

is monotone nondecreasing and gives an exact (and useful) formula for the derivative. 

The monotonicity of Perelman's VK-function is easily seen to be equivalent to that t -F is 
monotone; this follows from that W = F + S and S' = j. The parallel to this in our setting 
is that one of our monotonicity formulas, see Theorem 12.471 asserts that 

(1.15) r2-"At 

is monotone nondecreasing. 

One of the major points of this article is that not only are the quantities we define mono- 
tone, but their derivatives are something useful that monotonicity helps us bound. In fact, 
this was the starting point of this article and is one of the advantages of our new monotonic- 
ity formulas compared with say the classical Bishop-Gromov volume comparison theorem. 
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For instance, for the derivative of 2(n —l)V — Awe show in Theorem 12.241 that 



(1.16) [2{n-l)V - A]' (r) = --r-^-"" [ 

2 Jb- 



b<r 

2-n 



Hess62 g 

n 



+ Ric(Vfe^V&2 



and for the derivative of r ^ A we show in Theorem 12.471 that 



:i.l7) {r'-A)'{r) = ^ 

^ Jb<r 



Ab' ' 



Hess62 g 



n 



Ric(vfo^vb') r" 



In addition to these new monotonicity formulas and gradient estimates for the Green's func- 
tion, then we estimate from below the derivative of our formulas in terms of the Gromov- 
Hausdorff distance to the nearest cone; see Theorems 14.261 and I4.28[ For instance, loosely 
speaking. Theorem 14.261 shows that 

(1.18) -C (2(n-l)V-A)'(r)>^; 

r 

where is the scale invariant Gromov-Hausdorff distance between Br{x) and the ball of 
radius r in the nearest cone centered at the vertex. The constant C depends on the dimension 
of the manifold, the lower bound for the Ricci curvature, and also on a positive lower bound 
for the volume of Br{x). The actual statement of the theorem is slightly more complicated 
as in reality the right hand side of this inequality is not to the power 2 rather to the slightly 
worse power 2 + 2e for any e > 0, and the constant C also depends on e; cf. [GNlj . We prove 
this lower bound, see Theorem 14.221 and Corollary 14.241 for the derivative using [ChCl] ; cf. 
also [CI] |C3] . We also prove a similar lower bound for the derivative of Perelman's F- 
function though in that case it is a weighted distance to the nearest cone where the nearest 
cone is allowed to change from scale to scale. 

In |CM4j we will use the monotonicity formulas we prove here to show uniqueness of 
certain tangent cones of Einstein manifolds. In a second paper |CM3] we will show further 
monotonicity formulas and discuss other applications. 

Finally, we note that one may think of our new monotonicity formulas as enhanced versions 
of the classical Bishop-Gromov volume comparison theorem. 

2. Monotonicity formulas 

In this section M" will be a smooth complete n- dimensional manifold where n > 3. We 
will later be particularly interested in the case where M has nonnegative Ricci curvature, 
however the computations that follows holds on any smooth manifold. 

Suppose that G is the Green's functioi]@ on a manifold M; fix x G M and set G = = 
G{x, ■). One sometimes say that G = Gx is the Green's function with pole at x. Following 
[CMI] . [CM2] . we setS 

(2.1) b = G^; 



^Our Green's functions will be normalized so that on Euclidean space of dimension n > 3 the Green's 
function is r^~" 

^Thc normalization of b that we use here differs from that used in |CM1| . jCM2j by a constant. 
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then 

(2.2) A62 = 2n|V6p. 

We will use a number of times below that if, as in |CM1] . |CM2] . we set 

(2.3) 4(r) = ri-"/ y\^b\ = J_f y\^G\, 



b=r 2 Jh=r 



then 



(2.4) /; = r^"" / z;„ = ri-" / Av . 

Jb=r Jb<r 

Here Vn is the (outward) normal derivative of the function v; normal to the boundary of 
{b < r}. In particular, the function 

(2.5) I,(r) = r'~'' [ |V6| , 

Jb=r 

is constant in r. 

2.1. The 'area' and the 'volume'. Define nonnegative functions A{r) and V{r) by 

(2.6) A{r) = r^-" [ |V6|^ 

Jb=r 

(2.7) V(r) = r"" [ \Vb\\ 

Jb<r 

Note that these quantities differs from the ones we defined in the introduction by constants 
since here, unlike the introduction, we have not subtracted their Euclidean values 

The next simple lemma will be used three places: First to compute the limit of A{r) and 
Ii as r — > 0; second in the proof of the second monotonicity theorem where the lemma 
also enters via the same limit of A and third in the sharp gradient estimate for the Green's 
function. 

Lemma 2.8. Let M be a smooth manifold with n > 3, then 

b 



(2.9) lim sup 



1 

r 

|2 



0, 



(2.10) lim sup |V6r -1=0' 

(2.11) limA(r) = lim/i(r) = Vo\{dBi{0)) 

r— >0 r— ^0 

(2.12) limr(r) = Vol(Si(0)) . 

r-->0 



Proof. In |GS] it was shown that for the Green's function with pole at x 

(2.13) Giy) = d'--ix,y) {1 + 0(1)), 

(2.14) \VG{y)\ = (n - 2) d'-^x, y) (1 + o(l)) , 

where o(l) is a function with o{y) — )■ as ?/ — )■ From this the first two clams easily follows. 
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To see (12. lip observe first that it follows from (I2.10p that / and A has the same limit. It 
is therefore enough to show that the limit of / is = Vol{dBi{0)). To see this use that / is 
constant in r together with the coarea formula to rewrite / as 



(2.15) / |V6|^= / / r^~'h{s) 

Jb<r Jo Jb=s 

and thus 

(2.16) limJi(r) = /i(l) = n limr"" / |V6|^ = Vol(95i(0)) . 

Here the last equality followed from (12. 9p and (I2.10p . 

Finally, (l2:T2l) follows easily from (EH]) and ( l230l) . □ 

Moreover, we have the following: 
Lemma 2.17. 

(2.18) V'{r) = ^ (A(r) - n V{r)) . 

Proof. By the coarea formula we can rewrite V{r) as 



(2.19) \/(r)=r-"/ / \Vb\\ 

J — oo J b=s 

From this the lemma easily follows. □ 

We will later see that on any manifold with nonnegative Ricci curvature the gradient of 
h is bounded by some universal constant depending only on the dimension; see Lemma 12.791 
for a gradient bound and Theorem 13. II for the eventual sharp bound. Together with the next 
lemma this implies that both A and V are bounded. We will then come back later and use 
our main monotonicity theorem to show that both A and V are monotone nonincreasing on 
a manifold with nonnegative Ricci curvature and hence, in particular, they are bounded by 
their values as r — t- 0. 

Lemma 2.20. If |V6| < C, then 

(2.21) A<C^Yo\{dBi{Q)) , 

(2.22) V < — Vol(9fii(0)) = Vol(5i(0)) . 

n 

Proof. The first claim follows from that Ii is constant as a function of r and that we found 
in Lemma 12.81 what that constant is. The second claim follows from the first together with 
that 

(2.23) V{r) = r-'^ [ s""^ A{s) . 

Jo 

□ 
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2.2. The first monotonicity formula. Our first monotonicity result is the following: 
Theorem 2.24. 







Li 


ilesSft2 g 




n 



(2.25) 



Proof. Observe first that we can trivially rewrite A{r) as follows 



Ric(V6^V62^ 



(2.26) 

Computing gives 



A{r) = r 



l-n 



b=r 4 



|V6T|V6| . 



b=r 



r '2 (rM)'(r) = ^r"^"" 



(2.27) 



-r 
2 



-r 
2 



2 
1 

-r 
2 



b=r 



b<r 



dn 



|V5' 



2|2 



1-1- 



A|V6' 



2|2 



6<r 



-l-n 



(|Hess,2|2 + +Ric(V62,V62)) 

/ (|Hess,2p-|A62|2 + Ric(V6^V62))+ir-l-^ / Afe^ 
Jb<r 2 j^^j, an 

/ (|Hess,2|2-|A6Y + Ric(V6^Vb')) +2nr-" / 
/ (|Hess62|2-|A62|2 + Ric(V&^V62)) + — A(r). 



Moreover, 
(2.28) 

Hence, 
(2.29) 



Hess 62 



A62 



n 



|Hessfe2|2 - |A6' 



2|2 



I HesSb2 1 + 



|Hess;,2 1" 



Ah' 

Hess62 g 

n 

Ah^ 

HesSb2 g 

n 



2 , |A62|2 |Afe2|2 



- 2'- 



n 



n 



\Ab' 



,212 



n 



n 



|A6Y 
1 



4nMl--) m\ 



Inserting this in the above gives 
(2.30) (r2A)'(r) 



2"^ /<. ( 


A62 


Hess;,2 5f 




n 



Ric(V6^ 



- 2 ( 1 - - 1 nV-i^" 



27? 

|Vfe|4 + _A(r). 
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Using lemma 12.171 we can now rewrite the above as 

2 



-2 (rM)' 
(2.31) 



-r 
2 



-l-n 



b<r 



b<r 



ilesS(,2 g 



n 



2(1-^) 



-V{r) + —A{ 
r 



llessb2 g 



n 



2v 2r) 
Ric(V6^ Vb") 1 + — {A{r) - n V{r)) + —\ 



Or, equivalently, since r ^ (r^^)' = A' + -A 



(2.32) A' = -r- 



HeSSb2 



A62 



n 



Ric(V62, V62) + 



2(n- 1) 



(A-n1/) . 



Therefore 



(2.33) 



{A-2{n-l)V)' 



-l-n 



b<r 



Hess 



A62 



62 



7T, 



+ Ric(V6^V6^) 



□ 



In particular, on a manifold with nonnegative Ricci curvature we get the following: 



Corollary 2.34. If M is an n- dimensional manifold with nonnegative Ricci curvature, then 
for all r > 



(2.35) 



A{r) - Vol(aSi(0)) > 2{n - 1) {V{r) - Vol(5i(0))) 



Moreover, if for some r > we have equality, then the set {b < r} is isometric to a ball of 
radius r in R". 

Proof. The inequality follows trivially from the theorem. Suppose therefore that for some 
r > we have equality. Since M has nonnegative Ricci curvature, then by Theorem 12.241 



Ab' 

liessb2 = g . 



n 



(2.36) 

(2.37) Ric(V6^ V62) = . 

From this it now follows from section 1 of |ChClj that {b < r} is a metric cone and that b 
is the distance to the vertex. Since Euclidean space is the only smooth cone the corollary 
follows. □ 

Note that the inequality in the above corollary goes in the opposite direction of the usual 
Bishop-Gromov volume comparison theorem for manifolds with nonnegative Ricci curvature 
where the scale invariant volume of the boundary of a ball is bounded by the inside. This 
is closely connected with that the above inequality deals with the excess relative to the 
Euclidean quantities. 

Likewise we get: 

Corollary 2.38. If M is an tt,- dimensional manifold with nonnegative Ricci curvature and 
r2 > ri > 0, then 

(2.39) A{r2) - 2(n - l)V{r2) > A{ri) - 2{n - l)V{ri) 
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and equality holds if and only if the set {b < is isometric to a ball of radius r2 in Euclidean 
space. 

Note also that all of the above computations works for any positive harmonic function G 
with ^ proper and not necessarily the Green's function. 

2.3. The second monotonicity formula. The next lemma holds for any positive harmonic 
function G, where, as before, b is given by that = G. 

Lemma 2.40. 



(2.41) b^ A| V6|2 + (2 - n) (V6^ V| V6H 

(2.42) A{\\/b\^G) 



Hessb2 



Ab^ 



n 



-9 



HesSb2 g 

n 



+ Ric(Vr,Vr) , 



+ Ric(V6',V6') b 



Proof. By the Bochner formula, as in the proof of Theorem I2.24^ 
1 



A|V6'|' = |HesSfe2|^ + (VAb^ Vb") + Ric(V6^ V6'^ 



(2.43) 



HesSb2 
HesSfe2 



A62 



n 



IA62 



n 



(VA6^ Vr) + Ric(Vr,Vr) 



Ab^ 



n 



Moreover, since 
(2.44) 

we have that 
(2.45) 



+ An I V6|^ + 2n {V\Vb\\ W¥) + Ric(V6', W¥) 



W¥y = A¥\WbY 



A\V¥Y = A¥ A\VbY + AA¥ \S/bY + 8 (yb\ S/\S/bY) 

= 46' A|V6|' + 8n |V6|' + 8 (V6^ V|V6H . 

Combining (1233]) with (235]) gives ([Ml]). 

To see the second claim use Leibniz' rule and (I2.4ip to get 

2 A (I Vfep G) = 2 6' G A| V6p + (4 - 2n) (V6^ V| V6H 6^"" 

(2.46) = (2fe2 A I V6p + (4 - 2n) (V&^ V| V^H) 



HesSf,2 



Afe2 



n 



Ric(V6',Vr) b 



Lemma 12.401 also lead us directly to our second monotonicity formula: 

Theorem 2.47. 

(2.48) 

1 



(2 -n){A- No\{dBi (0))) + r A' 



b<r 



Ab' 

HesSb2 g 

n 



□ 



Ric(vr,vb') 
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Or, equivalently, 

(2.49) (r^-" [A- Vol(aSi(0))])' 



b<r 



HesSfe2 g 



n 



Proof. For r2 > ri > by Stokes' theorem and Lemma [2.401 



„n—l ( J2—n 



( ,J2—n 



(2.50) 



b=r2 



Ay (ri) = r. 

(|V&PG)„- 



n-l tI 



^Vftpcl'^s) - r'l /|^^|2g(r 1 



h=ri 



(|V6pG), 







/ 


HesSfe2 (7 


1 ri<b<r'2 \ 


77, 



Ric(v6^v6') 



Since 

(2.51) r"-^ (r2-" A)' = (2-n)A + rA', 
and, as we will see shortly, there exists a sequence rj — )■ 

(2.52) (2 - n) A{ri) + A'(r,) ^ (2 - n) Vol(aSi(0)) as ^ , 
we get that 

(2.53) 



(2-n)(A-Vol(95i(0))) + rA' = i / ( 







/ 


HesSb2 g 


lb<r \ 


n 



+ Ric(V6^V62) h- 



To see fl232|) we need Lemma [2H Namely, by fl2Jl]) A{r) Yo\{dBi{Q)) as r ^ 0. 
Moreover, it follows from this that A is uniformly bounded for r sufficiently small and hence 
there exists a sequence — )■ so that A'(rj) — )■ 0. □ 

We can also reformulate this second monotonicity theorem by defining a second 'volume 
of balls'. We do that by setting 



(2.54) : 

So that by the coarea formula 

(2.55) Voo 
and hence 



l<b<r 



(|V6p-l) \Vh\H- 



b=s 



(2.56) 



V' = r~ 



(|V6|^ - \Vh\) 



[\Vh\'-\Vh\) , 

A-Vo\{dBi{0)) 



lb=r ^ 

Note that when r < 1 the integral fl2.54p is interpreted as f l2.55p . It is not clear that this 
new Voo is bounded even for manifolds with nonnegative Ricci curvature and indeed we will 
show that in general it is not. 

We can now reformulate our second monotonicity theorem in terms of this second 'volume 
of balls' as follows: 
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Theorem 2.57. 



(2.5^ 



(^-(n-2)K.r44( 



Hessf,2 



n 



Proof. This follows from ^LMj- □ 

Similar to the situation after the first monotonicity formula we get the following immediate 
corollary from this second monotonicity for manifolds with nonnegative Ricci curvature (the 
proof is with obvious changes the same as in the earlier corollaries of the first monotonicity 
formula) . 

Corollary 2.59. If M is an n- dimensional manifold with nonnegative Ricci curvature and 
r2 > ri > 0, then 

(2.60) A(r2) - (n - 2) ^.(ra) > A{r^) - (n - 2) VUn) 

and equality holds if and only is the set {h < is isometric to a ball of radius r2 in 
Euclidean space. 

Theorem 2.61. Set J(s) = -{n-2)s Voo(s^), then 
(2.62) J' = A-Yo\{dBi{fd))-{n-2)V^ 



Hess 



A62 2 



b2 



n 



+ Ric(V6^ V62) r". 



Proof. This follows from a straightforward computation combined with Theorem 12.571 □ 

We next use |CM2] to calculate the asymptotic description of A and V for manifolds with 
nonnegative Ricci curvature: 

Theorem 2.64. If M" has nonnegative Ricci curvature, then 
(2.65) lim -( ^" 



r— >oo 



Vol(95i(0)) VVol(fii(0)) 
V{r) ( Vm 



2 

n-2 



2 

n-2 



^^■^^^ ™Vol(Si(0)) VVol(5i(0)), 

Proof. By the Bishop-Gromov volume comparison theorem if r > Tq > 0, then 
(2.67) r"" Vol(5,(x)) < rg"" Vol(5,„(x)) . 

Hence, by the Li-Yau, |LYj . lower bound for the Green's function 



oo 



(2.68) C / d.<G(x,y) . 

Vol(5,(x)) 

It follows that if d{x, y) > tq, then 

(2-69) G{x, y) > , d'-{x, y) 
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and thus by the Cheng- Yau, |CgY| , gradient estimate at such a y 



(2.70) 



\Vh\ = 6|Vlog6| <C < C [ro-"Vol(5,o(2;))] - 



From this the claim follows if M has sub-Euclidean volume growth, i.e. if Y m = 0. 

Suppose therefore that M has Euclidean volume growth. In this case fl2.66p follows from 
the Bishop-Gromov volume comparison theorem together with (3.38) on page 1374 of [CM2j : 
cf. also with the proof of Theorem 13.261 and [ChClj . To get fl2.65p we argue as follows: From 
Theorem 12.241 and since V is almost constant for r large we have by f l2.66p and |CM2] that A 
is almost constant for r large. Equation fl2.23p gives that this constant is the desired one. □ 

It follows easily from Theorem 12.641 and fl2.56p that we have the following characteriza- 
tion of Euclidean space as the only manifold with nonnegative Ricci curvature where V^o is 
bounded. 

Corollary 2.71. Let M" be a manifold with nonnegative Ricci curvature, then 

(2.72) infyoo>-oo 
if and only if M is Euclidean space. 

2.4. The C operator and estimates for b. Define a drift Laplacian on the manifold M 

by 

(2.73) Cu = G~Miv {G^ Vn) = A u + 2 (V log G, Vu) . 
From Lemma [2.401 we get the following useful result: 

Lemma 2.74. 



(2.75) 

(2.76) 
(2.77) 




Hessb2 



n 



-9 



Ric(V6^ 



£6^ = 2(4-n) iVfop 



n-2 







Proof. The first equality follows directly from (12. 41 p . The second claim follows from an 
easy computation using that A = 2?7, |V6p and the last claim follows easily from that 
V6"-2 = VG"^ = -G~^ VG and that G is harmonic. □ 



It follows from this lemma that on a manifold with nonnegative Ricci curvature at a 
maximum (or minimum) for |V6p the hessian of b^ is a multiple of the identity. Since 
A6^ = 2n |Vfep we get that at a maximum 

(2.78) Hessb2 = 2|Vfep^. 

The first two inequalities of the next lemma are proven assuming that G is the Green's 
function whereas the third inequality holds for any positive harmonic function G with ^ 
proper. 
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Lemma 2.79. On a manifold with nonnegative Ricci curvature if x is a fixed point and r is 
the distance to x, then 

(2.80) b<r, 

(2.81) |V6| <C = C{n) , 

(2.82) 0<C\Vb\\ 

Proof. The last claim is a direct consequence of the previous lemma. 

To see the first and second claim observe first that it follows from the maximum principle 
together with the Laplace comparison theorem that 

(2.83) r2-"<G'. 
Therefore on such a manifold 

(2.84) b<r. 
To see the second claim observe first that 

(2.85) VlogG'= (2-n) Vlog6. 

Combining this with the Cheng- Yau gradient estimate, CgY| , applied to the harmonic func- 
tion G gives that for some constant C = C{n) 

(2.86) |V6|< — <C. 

r 

The last inequality is an immediate consequence of Lemma 12.741 □ 
Recall that for a smooth function u : M\ {x} — R we set 

(2.87) I^{r) = r'-^ [ u\Vb\. 

Jb=r 

Lemma 2.88. Let M" be a manifold and suppose that u : M \ {x} — )■ R is a smooth 
function, then for r2 > ri > 



(2.89) /:(r2) = r?"" + r^' [ CuC . 

J ri<b<r2 

Proof. Since for r2 > ri > 

(2.90) f CuG^= I div(G'2Vn) = r^2" /" ^„ _ r4-2n /" 

J ri<b<T2 J ri<b<r2 Jb=r2 J b- 

It follows that 

(2.91) / ur, = rl-'r\-'- I u^ + rl^-'f CuG' 

J b=T2 J b=ri J ri<b<r2 

and therefore 

(2.92) /^(ra) = r^^ r?"" /^(ri) + r^' / CuG\ 

J ri<b<r2 



Un ■ 

b=ri 



□ 
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Corollary 2.93. Let be a manifold with n > 3 and suppose that u : M \ {x} — )■ R is a 
£-subharmonic function that is bounded from above, then 

(2.94) 4(r) = r^-" [ u |V6| . 

Jb=r 

is monotone nonincreasing. 

Proof. Since £ "U > it follows from Lemma 12.881 that for r2 > ri > 

(2.95) I'u{r2) > rf-- I'uiri) . 

Since u is bounded from above, then is bounded from above and hence, we conclude that 

(2.96) /:<0. 

□ 

Note that if u : M — ?■ R is a smooth function, then 

(2.97) limj;(r)=0, 

r— >0 

(2.98) lim = Vol(5i(0)) Au(x) . 

r^O r 

Corollary 2.99. Let be a n- dimensional manifold and suppose that w : M — )■ R is a 
smooth function. If tt, = 3, then 

(2.100) /:(r)= / CuG', 

Jb<r 

and if n = 4, then 

(2.101) I'^{r) = rVo\{dBi{0))Au{x) + r [ CuG\ 

Jb<r 

2.5. Properties of A and V. 

Corollary 2.102. On any manifold with nonnegative Ricci curvature and n > 3, then 
A, V, and V^o are nonincreasing and bounded from above by what they are on R". Moreover, 
A<nV. 

Proof. By Lemma [2. 79 1 it follows that |V6p is bounded and £-subharmonic, hence, by Corol- 
lary ElS] 

(2.103) A = J|vfep 

is monotone nonincreasing. Since A start off what it is in Euclidean space by Lemma 12. 8[ 
then we get the claim for A. Using Theorem 12.241 we have that 

(2.104) 0> A' >2{n-l)V' 

this gives the claim for V a.s V also start off being equal to what it is in Euclidean space by 
Lemma 12.81 Finally, Theorem 12.571 now gives that V^o is nonincreasing. 

The last claim follows from that V < and V = ^ {A — nV) hj Lemma 12.171 □ 

Combining Lemmas 12.741 and 12.881 also leads us to our third monotonicity formula: 
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Theorem 2.105. For r2 > ri > 



(2.106) r^-"A'(r2 



„3— n Al 



ri<b<r2 



HesSb2 g 



n 



1,2 -2n 



By Corollary 12.931 in low dimensions we get the following two corollaries: 

Corollary 2.107. Let be a 3-dimensional manifold. If |V6p is in a neighborhood of 
X, then 



(2.108) 



A'(r) 



2 lb<r 



Hess62 g 

n 



+ Ric(V&^V62 



if in addition M has nonnegative Ricci curvature, then M is flat R'^. 

Proof. The first claim follows directly from Corollary 12.931 and the second claim follows from 
the first together with Corollary 12. 1021 Namely, combining these it follows that A is constant 
and hence 

(2.109) Hessb2 = — c?^ 



n 



(2.110) 



Ric(V6^ V6^) = 0. 



□ 



From this it now follows from section 1 of |ChCl] that M is flat R^. 

Corollary 2.111. Let be a 4-dimensional manifold. If |V6p is in a neighborhood of 
X, then 

(2.112) 



A'(r) =rVol(a5i(0))A|V6p(a;) + ^ f 

2 Jb<r 



Hess, 



A62 



b2 



+ Ric(V62, 



3. Sharp gradient estimates for the Green's fungtion 

A natural question is wether the above monotonicity formulas are related to a sharp 
gradient estimate for the Green's function parallel to that Perelman's monotonicity formula 
for the Ricci flow is closely related to the sharp gradient estimate of Li-Yau, [LYj . for the 
heat kernel. 

We will see next that the answer to this question is 'yes': 
Theorem 3.1. If M" has nonnegative Ricci curvature with n > 3, then 
(3.2) |V6|<1. 

Moreover, if equality holds at any point on M, then M is flat Euclidean space R". 

Proof. Given e > by choosing r > sufficiently small we have by (12.101) in Lemma [531 that 



(3.3) 



sup \Vb\^ < 1 + e. 

dBr 



Let C be the gradient bound for h given by Lemma 12.791 and set 



(3.4) 



u 



R 



n-2 
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then 



(3.5) sup u <0 . 

dBrU{b=R} 

From Lemma [2.741 we have that 

(3.6) Cu>0. 

By the maximum principle for the operator C apphed to u we have for y & M \ {x} fixed 
that 

(3.7) m\y)<l + e + C'^^. 

Letting e — and i? — oo gives the inequahty. 

To prove that Euchdean space is characterized by that equahty holds; suppose that at 
some point p G M we have that |V6p(p) = 1. Since |V6p < 1, £ |V6p > 0, and p is 
an interior point in M \ {x} where the maximum of |V6p is achieved it follows from the 
maximum principle that |V&p = 1 everywhere and thus by (I2.75p 

(3.8) HesSb2 = g, 

n 

(3.9) Ric(V6^ Vfe^) = . 

From this it follows from section 1 of |ChCl] that M is a metric cone and that b is the 
distance to the vertex. Since Euclidean space is the only smooth cone the claim follows. □ 

We next give a slightly different proof of Theorem 13 . 1 1 1 hat instead of using the C operator 
use that iVfepG is subharmonic by f l2.42p . 

Proof. (Alternate proof of the sharp bound in Theorem 13. ip . Given e > by choosing r > 
sufficiently small and R sufficiently we have by fl2.10p in Lemma 12.81 and since G — )■ at 
infinity that 

(3.10) sup|V6|^ < 1 + e, 

dBr 

and 

(3.11) supG'<e. 

Let C be the gradient bound for b given by Lemma 12.791 and set 

(3.12) u=\Vb\^G-{l + e)G-C^e, 
then 

(3.13) sup w<0. 

dBrU{b=R} 

By ([232]) we have that 

(3.14) Au>0. 

By the maximum principle for the Laplacian applied to u we have for y & M \ {x} fixed that 

(3.15) [|V6p(y)-(l + e)] Giy)<C\. 

Letting e — gives the inequality. □ 
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The argument in the proof of Theorem 13.11 in fact gives that the sup^^^ |V6p is monotone 
nonincreasing in r or shghtly more generah 

Theorem 3.16. Let Q be open bounded subset of M containing x, then for all y & M \fl 

(3.17) |V6|^(?/) < sup|V6|^ 

an 

Moreover, strict inequahty holds unless M is isometric to a cone outside a compact set. 

Theorem 13.161 should be compared with that A is monotone nonincreasing by Corollary 
123021 

In terms of G this sharp gradient estimate is the following: 
Corollary 3.18. If M" has nonnegative Ricci curvature with n > 3, then 

(3.19) IVGI < (n - 2) . 
Proof. 

(3.20) |VlogG| = {n-2) \Vhgb\ < (n - 2) ^ < (n - 2) . 

□ 

Another immediate corollary of the sharp gradient estimate for the Green's function is the 
following: 

Corollary 3.21. If M" has nonnegative Ricci curvature with n > 3, then for all r > 
(3.22) Vol(6 = r) > Vol(<95,(0)) , 



(3.23) Vol(6 < r) > / Vo\{b = s) > Vol(S,(0)) . 

Jo 

Proof. To see the first claim note that by the sharp gradient estimate 



(3.24) Vo\{b = r)> \Vb\ = r""^ Vol(fi,(0)) . 

Jb<r 

The second claim follows from the coarea formula and the sharp gradient estimate. Namely, 
by those two we have that 

Here the last inequality used the first claim. □ 

We show next a sharp asymptotic gradient estimate for the Green's function on manifolds 
with nonnegative Ricci curvature: 

Theorem 3.26. If M" has nonnegative Ricci curvature with n > 3, then 

Vm 



(3.27) lim sup |V6| 

'^^'^ M\Br(x) 



Vol(Si(0)) 



To prove this theorem we will need the following lemma that was proven in |ChCM] ): see 
the proof of (#) on page 952 of [ChCMj ). (For completeness and since this was not explicitly 
stated clS 8b lemma there we will include the proof). 



MONOTONICITY FORMULAS I 19 

Lemma 3.28. ((#) on page 952 of |ChCM] ). Let be an open manifold with nonnegative 
Ricci curvature and let w be a positive superharmonic function on Br{x). Then there exists 
a constant C = C{n) such that 



(3.29) — — — / u<Cu(x). 

Proof. (The proof is taken from [ChCMj ). Let be the harmonic function on Br{x) with 
hr\dBr{x) = u\dBr{x). By the maximum principle < hr < u so < hr{x) < u{x). By the 
Cheng- Yau Harnack inequality for some C = C{n) 

(3.30) sup hr < C inf hr < C u{x) . 

Br{x) Br(x) 

Moreover, by the Laplacian comparison theorem and since hr is harmonic and nonnegative 

(3.31) log f s^-" / hr] i 

V JdBs{x) J 

is monotone nonincreasing. Combining this gives that 

(3.32) r^-" / hr< r-) / hr<C r-) Yo\{dBr (x)) u{x) . 

JdBr{x) JdBr(x) 



Hence, 
(3.33) 



u = ————--\ hr < 2"-^ C ,\^J : u(x) < 2" C n u(x) . 



Vo\{dBr{x)) Vo\{dBr{x)) ^^^(,) " Vo\{dBr{x)) 

□ 

Proof, (of Theorem 13.261) . It follows from the proof of Theorem 12.641 that we only need to 
show the theorem when M has Euclidean volume growth. 
Set 

(3.34) L= sup \VbW 

M\Br{x) 

and let y G M \ B2r{x). It follows from the Cheng- Yau Harnack inequality for G it follows 
that 

(3.35) sup G < C inf G . 

Br{y) Br{y) 



Combining this with Lemma [3.281 applied to G (L — |V6p) since 
(3.36) AG{L-\Vb\^) = -AG\Vb\^ <0, 

we get that 
(3.37) 

CYo\[dBr[y)) JdBAv) ^o\[dBr[y)) JaBAv) 
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All we need to show is therefore that the average of |V6p on all balls of radius r centered at 
dB2r{x) converges to 



^'■''^ VVol(5,(0)), 

as r — !■ oo. This however follows from the Bishop-Gromov volume comparison theorem 
together with (3.38) on page 1374 of |CM2j : cf. also with the proof of Theorem I2.64[ □ 

For the Green's function itself this sharp asymptotic gradient estimate is: 

Corollary 3.39. If has nonnegative Ricci curvature with n > 3, then 



IVGI / V 



M 



1 

n~2 



(3.40) (n-2)lim sup .vUR^n^^ 

M\Brix) VVol(5i(0)) 

Even on an open manifold with Euclidean volume growth and nonnegative Ricci curva- 
ture, where by the above theorem sup^/^^^j-^,) \Vb\ converges to its nonzero average, V6 may 
vanishes arbitrarily far out. Indeed, X. Menguy, |M1] . has given examples of such manifolds 
with infinite topological type and thus V6 in each of those examples vanish arbitrarily far 
out; cf also with |P3j . For Ricci- flat manifolds with Euclidean volume growth the corre- 
sponding question is unknown; without the assumption of Euclidean volume growth there 
are examples of Anderson-Kronheimer-LeBrun, |AKLj . of Ricci-fiat manifolds with infinite 
topological type so in those examples V6 vanishes arbitrarily far out too. 

4. Distance to the space of cones and uniqueness 

In this section we will relate the derivative of the monotone quantities from the previous 
section to the distance to the nearest cone. Using this we get a uniqueness criteria for tangent 
cones. 

4.1. Distance to the space of cones and a uniqueness criteria. Recall that a metric 
cone C{Y) over a metric space {Y, dy) is the metric completion of the set (0, oo) x Y with 
the metric 

(4.1) c?^(y)((ri,2/i), (r2,y2)) =rl + rl - 2rir2 cosdy(2/i, 2/2) ; 

see also section 1 of |ChClj . When Y itself is a complete metric space taking the completion 
of (0, 00) X Y adds only one point to the space. This one point is usually referred to as the 
vertex of the cone. We will also sometimes write (0, 00) x^Y for the metric cone. 

We will next define a scale invariant notion that measure how far the metric space on a 
given scale is from a cone. This is the following: 

Definition 4.2. (Scale invariant distance to the space of cones.) Suppose that (X, dx) is a 
metric space and Br{x) is a ball in X. Let Qr{x) > be the infimum of all O > such that 

(4.3) dGH{Brix),Briv))<Qr, 

where Br{v) C C(Y) and v is the vertex of the cone. 

For the discussion that follows it is useful to keep the following example in mind: 
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Example 4.4. (Koch curve.) Let Ki be the union of two hne segments of length 1 meeting 
at an angle of almost vr. Replace each of the two line segments by a scaled down copy of Ki 
to get Repeat this process and denote the i'th curve by Ki. The Koch curve is the limit 
as ? — !■ oo. 

The Koch curve is an example of a set that is not bi-Lipschitz to a line yet for all r > 
it satisfies 

(4.5) e^<e, 

with e — 7- as the angle in Ki tend to tt. Tangent cones for the Koch curve are not unique. 
The Koch curve is obviously a metric space with the metric induced from however it is 
not a length space as it is a curve with Hausdorff dimension > 1. 

4.2. Criteria for uniqueness. We have that the following integrability that implies unique- 
ness: 

Theorem 4.6. If a > 1 and 

(4.7) / , . (ir < oo , 

Ji r|logr|-" 

then the tangent cone at infinity is unique. Likewise for tangent cones at a point. 

Proof. By the Cauchy-Schwarz inequality and some elementary inequalities for R sufficiently 
large 

(4.8) (y Q,-.] < y el, y < r , dr y k-- <cw 

Hence, by the triangle inequality 

(4.9) dcH (-Br{x), —B^{x) \ < -dGH{Br{x),BrM) + —dGH{B,r{x),B^rM) 

\r er J r er 

< e Ger + Qer = (s + 1) 6er • 

Therefore if we set = e'', then 

/I 1 \ '"-I /I 1 

(4.10) dcH —Brjx), -B,.,{X) )<ydGH[ -Br,{x), S,, 



f'k+i ' 



<(l + e)^e,,_,, <(l + e)Ce. 



□ 



Another closely related criterium for uniqueness is the following: 



Theorem 4.11. If F is a nonnegative function on [1, oo) with —F' > F^"*"" for some a > 
and — C F'(s) > Q'^t'^'^ for some constant C where ^ — 1 > 2e > 0, then the tangent cone at 
infinity is unique. Likewise for tangent cones at a point. 

This theorem will be an immediate consequence of the next lemma, its corollary, and the 
triangle inequality; where the triangle inequality is applied as in the proof of Theorem 14.61 
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Lemma 4.12. If F is a nonnegative function on [1, oo) with —F' > F^"*"" for some a > 0, 
then for i - 1 > /3 > 

/•OO 

(4.13) / F'r'+^ >-oo. 



Proof. From the assumption it follows that 

(4.14) (F^°)'>a. 
Hence, for < s < t 

(4.15) F-"(t) -F-"(s) > a(t-s). 
Therefore, 

(4.16) F{t) <{a{t-s) + F-°(s))"° <{a{t- s))~^ . 
We can now bound the integral as follows 

poo 

-/ F'r^+'' = -V/ F' r^+P < -y22^^^^^^^^^^ F' 

(4.17) < ^ 2(-''+^)(^+^) [F{2^) - F{2^+^)) < J^^^'^'^^^^^^ F{2^) 

3 j 

j j 
The claim follows since this sum is finite when - — 1 > B. □ 

Corollary 4.18. If F and /3 are as in Lemma [4.121 and 6 is a nonnegative function on [1, 00) 
with —C F'(s) > Q^t'^'^ for some constant C where (3 > 2e > 0, then 

/oo r\ poo 
-Ldr = J e^sds < 00. 

Proof. By the assumption and Lemma 14.121 

/oo poo 
92+2^ 5^+2^ ds<-C J F'{s) s^+^ ds< 00. 

Combining this with the Cauchy-Schwarz inequality gives that 



i_ 1 



(4.21) / e,.ds< { eir' s^+'' ds] / s-'-'' ds] < 00 



□ 



4.3. Bounding the distance to cones. The following way of bounding the distance to 
the space of cones will be key later on: 

Theorem 4.22. Given e, > 0, there exist C{e,n,Vrn) > and c = c(r2,,Vm) > 1 
such that the following holds: Let M be an r?,- dimensional manifold with nonnegative Ricci 
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curvature and Euclidean volume growth. If Va/ > and b = , where G = G{x, ■) is 
the Green's and x G M is fixed, then for r sufficiently large 



HesSb2 g 

n 



(4.23) el+^<Cr- 

'b<r 

The proof of this theorem uses |ChCl] and will be given in |CM4] . 

Corollary 4.24. Given e, > 0, there exist C(e,n,Vm) > and c = c(n, V^) > 1 
such that the following holds: Let M be an n-dimensional manifold with nonnegative Ricci 
curvature and Euclidean volume growth. If Vm > and b = G"^ , where G = G{x, ■) is 
the Green's and a; G M is fixed, then for r sufficiently large 

Ab' 



(4.25) ei+^^<Cr-" 



b<r 



Hessfe2 



n 



Proof. This follows from Theorem 14.221 by the Cauchy-Schwarz inequality. □ 

Combining Theorem 12.241 with Corollary 14.241 we get the following inequality (see |CM4j 
for more details): 

Theorem 4.26. Given e > 0, there exist G = C(e,n, Va/) > and c = c(n, V^) > 1 such 
that for r sufficiently large 

(4.27) G (A- 2(n - 1) V)' > . 

r 

Likewise from Theorem 12.471 and Corollary 14. 241 we get the following inequality (see |CM4] 
for more details): 

Theorem 4.28. Given e > 0, there exist G = G{e,n,Y m) > and c = c(n, Vm) > 1 such 
that for r sufficiently large 

(4.29) - G (r^-'^ [A - Vol{dB^{0))]) > r^-^ / ds . 

Jo "S 

4.4. Uniqueness criteria revisited. By combining a number of the results above we can 
now show the following uniqueness criteria for manifolds with nonnegative Ricci curvature 
and Euclidean volume growth: 

Theorem 4.30. Let M be an n-dimensional manifold with nonnegative Ricci curvature and 
Euclidean volume growth. If for constants a > 0, K, and all r sufficiently large 

(4.31) 2{n-l)V - A> K , 

(4.32) -r (2(n -l)V-Ay> (2(n -1)V-A- Ji)^+" , 
then the tangent cone at infinity of M is unique. 

Proof. Set 

(4.33) Fo(r) = 2{n - 1) V{cr) - A{cr) - K , 
and 

(4.34) F{s) = Fo(e^) . 
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Then F is nonnegative, 

(4.35) - F\s) = -e' F^(e^) = ce' {A - 2{n - 1) V)' (e^) > F^+"{s) , 
and by Theorem 14.261 for s sufficiently large 

(4.36) -CF'{s) = -Ce'Fl^ie') = cCe' {A - 2{n - l)Vy {ce') > elt^\ 
Uniqueness follows now from Theorem 14. Ill □ 

4.5. Dini conditions. The notion of a set being scale invariantly close to a cone is parallel 
to the classical Reifenberg condition for n dimensional subset of some big Euclidean space. 
Here being close to a cone is replaced by the stronger condition to being close to an n- 
dimensional affine linear subset and Gromov-Hausdorff distance is replaced by Hausdorff 
distance; see [R], [T] and compare with the appendix 1 of [ChCl] where this is generalized to 
metric spaces. For locally compact Reifenberg sets that satisfies an additional Dini condition, 
which is very much in the spirit of the earlier discussion of this section, T. Toro has proven 
that they can be parametrized by maps with bi-Lipschitz constants close to 1. 
The Dini condition of Toro, [T] , is the condition that for all x 

(4.37) / ^dr<e\ 



JO ' 

for some e > sufficiently small. This can also be expressed as a condition of sum of 6^ 
over dyadic small scales. Namely, as 

(4.38) Y.'^l<e\ 

for a possibly different e > 0. 

Note that it follows from our results above that in our setting we have Dini conditions like 
those of Toro with a power slightly bigger than two and with our G,.. However, without an 
additional rate of convergence, like that in Theorem 14. 6[ uniqueness of tangent cones does 
not hold; [P2], pICT] . [UN2] . 

5. Monotone quantities for heat flow 

For completeness and for the readers convenience we have included the present section that 
discuss Perelman's F and W functional in the present setting of manifolds with nonnegative 
Ricci curvature. There are very few new things in this section and most of the results can 
be found in |P1] or |Nlj [N3] : however the presentation we give emphasize the parallels to 
the previous sections which is also the rational for including it. 

5.1. The quantities. Let H{x,y,t) be the heat kernel on M. For x fixed set Hrc{y,t) = 
H{x,y,t). 

We define a function (the Shannon entropy, cf. |Nlj [N3] ) S by 

/ 71 T) f 71 71 

(5.1) S = S,{t) = - / logH^H, - - log(4^t) - - = / hH,-- log(4^t) - - . 
Where h = —logH^. The constant | comes from that 
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Moreover, on Euclidean space S vanishes. Observe also that on a smooth manifold 

(5.3) Jim^(t) = 0. 

Before we introduce the next quantity (which is essentially Perelman's J-"- functional, |P1] ) 
we will need to recall the parabolic gradient estimate. Namely, Li-Yau, |LY] . showed that for 
any positive solution u to the heat equation on a manifold with nonnegative Ricci curvature 

(5.4) _Alog.. = ^-!^i<^. 

Note that this quantity vanishes precisely on cones. Integrating the Li-Yau inequality yields 



(5.5) 



FAt)=t[ AhH,,-^ = -t[ (V/i,Vi/,.)-^ = t / \Vh\^H^-^<0 

J M 2 JM 2 JM 2 



We will see shortly that F = tS'. F is Perelman's J^-functional adapted to the current 
setting; see [Pi] and cf. [NT] jN3]. 

Observe that F vanishes on any cone with vertex x. This is not the case for 5* rather the 
value of S depends on the volume growth. Note also that when M is a smooth manifold, 
then 

(5.6) limF(t) = 0. 

Moreover, when M has nonnegative Ricci curvature and Euclidean volume growth, then it 
follows easily from the cone structure at infinity, [ChCl] , that 

(5.7) lim F{t) = , 
cf. [N2] . 

Perelman, [PI] (see also [Nl] [N3] ). defined a closely related functional W by 

(5.8) W{t) = W,it) = F{t) + Sit) = [ {t I V/p + f-n) H,. 

JM 

Here / = -logi^^. - | log(47rf). Moreover, in [PI], [Nl]-[N3], it is shown that 




(5.9) - W = -2t + Ric(V/, V/) ^f. 



5.2. Entropy calculations and monotonicity. We begin this section by showing that 
the derivative of S is given in terms of F. Once we have that it follows immediately what 
the derivative of F is by the results of Perelman, [Plj . cf. [Nl] [N3] . 

Lemma 5.10. 

(5.11) F = tS'. 

Proof. A straightforward calculation yields 
(5.12) 

f Tl f f Ti 

S' = -dt / \ogH^H,-- = ~ / dtH,, - / logH^dtH,-- 

JM JM JM Jjv/ ZI I 
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□ 



Since W = F + S we get the next lemma by combining (15. 9p and Lemma 15.101 
Lemma 5.13. 



(5.14) 



dtitF) 



-2r 



M 



Hess,, - —g 



Ric(V/i, Vh) 



Using the Cauchy-Schwarz inequahty twice we get the following: 
Corollary 5.15. 



(5.16) 

Proof. By the Cauchy-Schwarz inequality 
(5.17) 



dtitF) >-F^ 
n 









Hessft q 



1 

n 

Applying the Cauchy-Schwarz inequality one more time yields 

T 2 



-dt{tF) = 2e f I 

J M \ 



Hessh - —g 



(5.18) 



> 2r 



M 



Hessft - —9 



+ Ric(V/i, Vh) I 
2 



n 



Ah 



M 



n 
2t 



H,. 



n 



□ 



For completeness we include the calculation that yields Lemma [5.131 and thus also (15. 9p . 

Proof, (of Lemma [5. 131) . Let uhe a, positive solution to the heat equation and set h = — log u. 
Then 

(5.19) (dt- A)h = -\VhW 
and 

(5.20) {dt-A)Ah = A{dt - A) h = -A| V/i|^ . 

By fl5.19p {dt — A) h = — |V/ip. Combining this with the Bochner formula yields 



{dt - A) I V/ip = {Vdth, Vh)--A \Vh\ 



(5.21) 



{V{dt - A) h, Vh) - \Resshf - Ric(V/i, Vh) 



= -(V/i, V| V/ip) - |Hess,,|^ - Ric(V/i, V/i) . 
Thus, since {dt — A)u = and uVh = — Vw, the product rule gives 



2 

(5.22) 



{dt - A){u\Vh\'^) = (Vu,V|V/iH |Hessft|^-wRic(V/i,V/i) - (Vti,V|V/iH 
= —u |Hess,i|^ — u Ric(V/i, V/i) . 
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Differentiating and using Stolces' theorem to get that J A{u |V/ip) 
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gives 



(5.23) dt / \Vh\^u 



M 



{dt-A){u\Vh\' 



M 



-2/ M (|Hess/,|^ + Ric(V/i, V/i)) 

JM 



where the last equahty used (15.221) . Rewriting we get 



dt / \S/h\'H^ 

JM 

(5.24) 



M 



(|Hessft|^ + Ric(V/i,V/i)) 
1 



Hr Hess 



M 



Hr Hess 



M 



2r 
1 

2t' 



Ric(V/i, V/i) 



+ Ric(V/i, V/i) 



Ah H., 



M 



n 

2t2 



M 



M 



Therefore 
(5.25) 



M 



-2r 



M 



I Hess/j - —g 



Ric(V/i, V/i) 



n 

2^2 



n 
2 



The claim easily follows from this. 

Using that the derivative of S is given in terms of F we get the following: 
Corollary 5.26. Set J{t) = tS{t), then 
(5.27) J' = W, 



□ 



(5.28) 



J" 



-2t 







L 


HesSf q 

^ 2r 



+ Ric(V/,V/) H. 



As noted earlier (see the discussion surrounding (15. 3p ). then it follows easily that for 
manifolds with nonnegative Ricci curvature and Euclidean volume growth F{t) — )■ as 
t — oo. On the other hand by the Li-Yau gradient estimate the integrand in F is pointwise 
nonnegative thus the sup of the integrand tends to its average at infinity. This easy fact for 
the heat kernel parallels the more complicated sharp asymptotic gradient estimate for the 
Green's function in Theorem 13.261 

6. Parabolic distances to cones 

6.1. Weighted distances to cones. We can also define the weighted distance to the space 
of cones as follows: 

Definition 6.1. (Weighted scale invariant distance to the space of cones.) Suppose that M 
is a smooth manifold with nonnegative Ricci curvature and x E M and H is the heat kernel 
on M. The weighted scale invariant distance to the space of cones is the function 



(6.2) 



C{t)=C.,{t) 



e 



M 



dM{x,y) 



» H{x,y,t) dy. 



Likewise we define the weighted L° scale invariant distance by 



(6.3) 



M 



0)0 

dM(x,y) 



[x) H{x,y,t)dy 
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Note that if M has Euchdean volume growth, then by |LYj . |LTW] . there exists a constant 
C(n, Vm) > such that 

(6.4) e^<cc(t). 

In fact, by the Cauchy-Schwarz inequahty for a > 1 

(6.5) C{t) < C^{t) . 

6.2. Bounding the distance to cones. From Theorem 14.221 we get (see jCM4j for more 
details): 

Theorem 6.6. Given e > 0, there exist C = C{e,n,Y m) > and c = c(n, V^) > 1 such 
that if M is an n-dimensional manifold with nonnegative Ricci curvature and h = — log H, 
where H = is the heat kernel and x e M is fixed, then for t sufficiently large 

(6.7) C\t) <Cf f 



Hess/j - —g 



H 
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